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BOUNDARY-LAYER STABILITY DIAGRAMS FOR ELECTRICALLY CONDUCTING

FLUIDS IN THE PRESENCE OF A MAGNETIC FIELD 1

by VE)_NON d. ROSSOW

SUMMARY

Th.e effectirenes._' q{ a magnetie fieM in stabilizim.!
the laminar flow _ a_ ine_'nq_re,s'.s'ible, electrically

conduetin 9 fluid is studied. The neutral .stability

curves pertaining to a two-dlmensional ._%asoidal

disturbance are presented for flow ,wee a semi-

infinite flat plate in the presence qf either _t coplanar

or transverse nmgnetie field and for ehannel flow in

the presence qf a coplanar magnetic field. As is to

be expected, the magnetie field stabilizes the flow
unless the _elocity profile is distorted by the magnetic

field to an inherently unstable shape. Thi,s. oecur._

when a trans_,.erse magnetic field is fixed relath_e to

a semi-infinite fiat plate.

INTRODUCTION

Mere mention of the possibility of controlling

the motion of electrically conducting tluids with

magnetic field stiinulates one's iInagim_tion to
conceive flow fields which may furnish certain

ideal characteristics. All too often the configura-

tions are too complicated to be amenabl_ to

analysis and one must be content with a greatly

simplified version of the original idea. A survey
of the literature shows that a numl)er of basic

solutions are being accumulated. A large portion
of the effort is directed at the theoretical evalua-

tion of the effectiveness of a magnetic field in

stabilizing a given laminar flow so t ltat, transition
to turbulent, flow is inhibited. Some of t ht_

earliest work on problems of this type was carried

out by S. Chandrasekhar. tic found that a

magnetic field wouhl inhibit the onset of conv('e-
tion in a fluid heated from below (ref. 1), and

would impede the transition to turbuhmcc of

Supersedes NACA Technical Note 4282 by Vernon J. Rosso_, 1958.

fluid between rotating evlint[ers of nearly the

same diameter (ref. 21). In a later paper, reference

3, it, is found that _ lay(,r of fluid ht,al(,(l from b.,low

ant[ subject (.o rotation is, un(ltq' certain condi-

tions, destai)i]ize(| by aPl)li('at.ion of a small

magn(_(.i(, fiehl. The motion is stabilized l)v

incv(,asi)ig (.lw mILgn('ti(" livid strength l)t,yond a
cer[l|,ill )llnoHllt. A sel'ies of ex])el'inl(ql|s COll-

du('ted l)y Y. Nak)tgawa 0'('fs. 4, 5, and 6) on tht,

instal)ill(, y of a layer of mercury heated from

l)clow an(l sul)je('ted to a magnetic fiehl and
rotation CO]lfiFnled these theorcti('al pretlietions
of (_handrasekhar.

The effect of a magnetie fiehl (m the stability

of the flow of an in(:onq)rt,ssil)le t_l(,ctrieally con-

ducting flui(l in a two-(tim(msiomfl cha, mM has

been studied for a coplanar magnetic field by

Stuart (ref. 7) and for a transverse magnetic

field by Lock (ref. 8). The (ransvers(, magneti("
field is foun(I (o t)e tile nn)re (_fl'e('(ive in s(al)ilizing

(he flow tMd. The high ([egret, of stabilization

brought about is att,l'ibutt_d (to the order of

a.eeuracy of the analysis) entirely to the ehangt,

in the velocit,y profile caused t)y (he interact, ion

of the ttui(l and inagnelie field. When t,tw

magnet ie-fiehl lines ave pa.rallet to the st,ream

(lireetion, the favoral)le effect on the stat)ility of a

tlisturl)am'e is brought, _d)out t)y the elect, romotive
resistance cneoun( erctl when a fluid eltqnent h,aves

its norm_d path of mot,ion in a.n effort to form a

t url)ultmt eddy, (herel)y crossing magnetic lines
of force.

Tt,c ett'ee(_ of a eophmar magnetic field on the

st a.t)ility of _L laminar mixing l'egion was st,udied

by Curlc (ref. 9). The Reynolds numbers at
which a small disturbance becomes unstable are

generally quite small for this type flow field
1
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(generally less than 100) t)ut increase., rapidly

wit t( increasiug magnetic paranwter. (;omplete

st al)ilization is 1)redieted for a niagnetic l)arameter
over 0.301.

An exl)erinlental exanH)le of ;[low instat)ility

('lrtis(,(l by a magnetic tieht is given by IJeltnert in

reference 10. It is found that a shalh)w layer of

niercury over a ('opper disk with two concentric
Col)per riligs is destabilized by application of it

verti('al magnetic fieht. The rotation of the tinier

copper ring produces a shear layer in the niereury

which is ((liens(fled t)y the nmgneti(' tiehl to l he

exteut that an eddy-tyl)e th)w results. 7It is

pointed ()tit by I,ehnert that a ge|leralization (!Oll-

eerning the effect of a magnetic fiehl on the flow
tichl cannot then l}e niade, arid each situation

lnust, lie sludied to find out if the beginning of

amplification of a disturbance is actually delayed

to a higher Reynolds number by /he magnetic
tiehl.

The tlow of au ilwonipressit)h, electrically ('on-

dueling thiid over a semi-infinite tlat plate in the
presence of a luagnetic tieht perpendicular to the

surface of the t)late was studied in referelice 11.

The ett'ect of the magiwtic fieht on the stability

(if the flow has not as yet been studied for the

('ase when the nlagnctic lines of force are perl)eU-
di('ular to or alined with the streanl direction. It

is the intent of this ])apcr tlrslly lo present an

aiialysis of the stabilizing effect brought about 1)y
a Col)lanar magnetic fiehl acting on an electrically

couducting fluid flowing over a senii-infinite flat

phite. The aualysis is i'estricied to infinitesinlal

sinusoidal disturbances of the Tolhuien-Schlichting

type. In the course of the iuw,stigation it is

lie('essarv to evahlilA.e it large pori iou of the nu-
uierical work fOl" the ('orrospoiiding two-dinien-

shiilal ('halinel probleni. Shi('e t.lie niethod of

alialysis is sliglllly ditl'ereiiL from thai. of rofereli('e

7, tiiese results tll'O ])resellted. See(indly, the

ett'eet (if a ll'allSVel'Se Illagnotic field is eousidere(l.

As was found for the chalinel (Lock, ref. 8), ttte

change in liie critical Reynohls nuinber for the

flat phile is ('ontrolh,d prinlarily by the change in
tile velocity in'ofile brought, about by the (liter-

action of tile tluid aud llltiglicti(" fiehl. The

velocity tirofile sllapes which tire eousidered are

l a]<eu froin lit(; 1,we siniplest cases aualvzed in
rt,f(,ren('(_ 11. Tile first case assullleS that tim

transverse magnetic tiehl is fixed relative to the

plate 2 and the second that( it is fixed relative to

the flu.d far from the plate.

The hie(hod of allalysis which is used is pat-

ierued after tit(, procedure devehiped aud described

by ('. (L Lin in references 13, 14, alid 15. A his-

tory of the developmellt aud of the various physical
liroblcnts which have been studied is given ill a

nionograph by Liii ill reference 16. A brief out-

line of the luethod is given iu thp ini roduclioli t(i

lhe 1)resout analysis. The neulral stability curves

Ill'(' i)r<',senled for severlil vahi(,s of lhe liltlgilelic

l)a l'aino i el'.

SYMBOLS

13 iniposed niagnelic iuduetion

c wave speed (if disturlmnce

Ft:) 'rieijeu's funcliou (see eq. (19))

a17"2
m niagneti(' 1)aralneler, _ , l)(,l' uuii.

]euglh

7) pl'eSSltl'O

70, qJ, "t_ invis('id pel'llll't)aliolianipliiude f/lllc'-
72, - • ..S- lions (see e( 1. iS))

I? Reynohls iiulnl)er based on bound-

ary-layer thicl_ness, 8l"z
P

R,. Reynohls nunll)er Imscd ou distauce

from leading edge of thlt plale,
•1_ * [ ,",_

is

x coluponenl of velo('ity

veliicily iu tile Sll'ealli directhin of

tile tlow field to lie 1)eriurbed

%

U

F

"t_ _/ ('Oiliponent. of velocity

x,y r(,('t allgular eoor(Ihia l es

c !/o ( [ _o' c_ ]_) 113

WaVe litlllltler (if (lisiurl)lince

8 l)()ull(hu'y-layer ihicl._uess, (J _/U.

1

e (_/i_) 1t3

l)erturbation stroant fuuciioil

aniplitude funetioli

_-Shortly ufter the _lt)l)t'_lrililc(_ of the tcchni¢-al (tote v(,rsion of till, plx,Siqlt

paper, liil _illilysis c_trried out tly Li, Miehclsou, illid Ral)hiowicz (l'l!i. 12)

(.-dlllle to tit,, attention of till, autllor, Tiipy obtained the stubility bollnll:tril,,_

for tile P_ge ill wilich tim lllaglll'ti/' field is fixed l'plliti'¢(! tO ;_ st!llli-iilfiliitt_

Illll, plute, Tilese ix,sulls ;il'P (!Ollil)_lrt'd willi those i)f l.hl, llri,sql{ lnllilq-.
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v kinelnatie viscosity

Y--?In

p density of fluid

o electrical eondu('tivily

x(0),x(_),_ viscous perturbation slream func-

xc.,>,...J lions (see eq. (16))

SUBSCRIPTS

edge of boundary layer, or fi'ee
st l'eallt

0 critical layer where U=c
d distalr!)anee

SUPERSCRIPTS

--> vector

' derivative with respect, to y

* dimensional quantities

ANALYSIS

"['}le l)resent slate of st.al)ility theory requires

l[tal, a numl)er of simplifications be made in the

analysis so that the method can be applied to

])hysi<'al situations without a prohibitive amount
of labor. The mettled developed 1)y C. C. Lin

(refs. 13, 14, and 15) is a eoml)romise between

accuracy and effort required to analyze a given

flow fiehl. The l)r,sent analysis is therefore

patlertm([ afler it:.

R_SUM_ ov STEeS IN ANALYSIS

The desired result, is a stal)ilil.y diagram of
exciting wave number a and Reynohts number R.

At. tile I)eginning, tim undisturbed st.eady-sta.te

solution to the magnetohydrodynanfic |low prob-

lem being considered is assumed to be known.
This information togel.her with the equations of

motion, the cont.inuity equation, Maxwell's equa-

tions, Ohm's law for a moving ttui(l, the eh,ctro-

motive force relation, the wave rot.lure of the dis-

tnrbance, plus various a.pproximalions go t.o make

up _ coml>lex fourth-order ordinary differential

equalion for the alnplitude function aS. The

various steps will now be explained. Figure 1

was desigrzed t,o orient t.be reader in tile subsequen!

analysis which, in view of it:s well establislwd

nat.ur3, is discussed only briefly.

'File flow fiehl is at some time assumed to be a

steady two-dimensional stream of incompressible

electrically (.onducting fluid. A two-dimensional

infinitesimal sinusoidal disturbance of a given wave

munl)er a is then impressed on the tluid to test for

the stability of the stream. A sinusoidal dislurb-

ance is chosen t)ecause many disturbances which
are likely to occur in nature can tm Fourier ana-

lyzed and the|'eby reduced to a sum of sinusoidal

disturt)anees. Tile magnitude of the disturbance

is assumed to l)e vanishingly small or infinitesimal

st> that the amflysis may I)e simplified by retaining

only those terms which are linear in a disturbance

or 1)erturbation quantity. The wave nature of

l.he disturbance is introduced by the disturbance
stream function

d,,,- al :+_pei'_*Ir'-c't-'c'q)

where a* is tim wave numl)er, c* is lhe velocily of

ihe wave in the stream direction, and c** is the

rate of growlh of the wave amplitude. The dis-

furl)ante velocities are lhen giwm by u*=b_b/by*

and v*=-- (6_/6x*). Tim starred quantities haw_

physical dimensions, wbereas lhe unstal'red coun-

lerpart,s have been made dimensionless by dividing
by the free-st#cam velocity 17. or t)y the bound-

ary-layer thickness a as the case may be. It is

assume<t that the disturl)ancc velocity and mag-

nelic-fiehl components arc charac.ierized by this

exponential and del)end on it. 1(> a firsl l)ower.

The object, of the amflysis is to find the condilions
when the wave will just begin to grow a (i.e., will

be neither damped nor amplified 1)ut neutral), the

factor c+* of the exponential is set equal to zero

and the exponential reduces to d "*(." _"). This

function describes t.he_ propagation of the wave in
the stream direction for a given station x* us a

function of time. The velocity of propagation for

a giw_Tl disturl)ance is independent of the distam'e

along and perl)endieular to tim plate. It remains
t.o find the circumstances under which the wave

amplitude neither grows nor diminishes but is
neutral. It, is found that the neutral point of

wave growth occurs when tim wave speed c* is

equal i<> the local veloeily _" of the fluid. The

region in t.he fluid where this happens is refe,',',.d

to as t.he "critical layer" and tile distance from

lhe wall as Y0*.

In the actual ttow prol)lem one knows thab the
<listurbanee may be of either the two- or l ln'ee-

dimensional type. It. has, however, been shown

t)y Squire (ref. 18) that if the flow field is unstable

a The stability curves corresponding to a llllml)er of growth rates, c_>0,

//ave been colnlmted by S. F. Shen (rof. 17) for flat plate and channel flow

using an ext(!llSiOi'l of 1,in's method.
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to a thre(,-dinwnsional disturban('e it will 1)e un-

stable h) a two-dimensional (listurJ)ance at a h)wer

Reynohls llllIllb(,i'. '['he extension of this proof to

the type of magnetohy(h'o(lynami(" t)robh,ms being
consi(hwed here is mad, 1)3" Michael in r(,ft,,'mwo

19. Only two-dimensional distm't)an('es will lhen

be eonsi(hwcd because they are the most unstable.

When the information just describ(,d is intro-

duced into the equations relevant to the prol)lmn,

a complex ordinary fourth-order differential equa-
tion is obtamed for the amplitude function _,

(fig. 1). It is complex be(,ause imaginary quan-

lilies are introduced t)3, the exponential used h)

d(,ueril:e the perturbations. The terms which

eontai_ produ(',ts or squares of the distm'ban('e

qmmti ies arc discarded. It is also assum(,d lint

the st_ltion in question is far m.)ug]l (h)wnsh'eam

so lint lit(; v_riM)les are not changing in lh(, free-
stream direction.

Evel lhough a munber of simplifying assump-

tions .tre made, the form of the differential

cquati(,n is such that a simple solution has no!

yet t)e(,n foun(t. I1 is necessary then io find four

linearl 2 independent solutions t)y reducing tim

complete differential equation to two simpler
differehfial equations by a power series expansion

I Complex fourth-order _rdinary differ ential equation 1

for /

_,(y,,_ % c,U ,m5,R) ]

/ (Discard terms involving viscosity) k

_Complex second-order I CompLex fourth-order I

differential equation "I I differential equation-I

inviscid functions: I [ viscous functions: [

,(....c...m,)I /  o'll

4_u, ° _///t_

• , . tends to
- T tet U n functl _n

c_,R combinations for nectral

stability obtained from cor_3tants

in

qD = al(pl + a2(p e + a3_5

with constants chosen so that

_(o) = _,,(o) = q_,(1) : o

I

3- _, m5

Stable

R

FI(_URE 1.----Block diagram of sl_d)i ily analysis.
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in I/R and _--(l/all) 1/_ as lad|ca.ted in figure 1.
The zero-oMer terms in 1/R are the ()Ill 5" ones

retained. Tile resulting differential equation is
sometimes referred to as the inviseid form of the

differential equation because all ternls involvin_

viscosity have been dropt)ed. 1)rocee,ling down
to tile next step in figure 1, lhe first two linea,'ly

independent solutions ,t and ¢2 are found hy
introducing anot,her series which consists of posi-

tive powers of the wave number a and whose

coefficients depend on the wave speed c and

veh)eity l" in the flow tiehl. Once agahl, (>nly
the first few terms in a are retained.

The boxes on the right of figure l indicate that
the solution to the first-order term in the sol. of

differential equations which results from the

expansion in _= (l/aR) '::_ is the only one which is

found. As pointed out by Lin, higher order
functions couhl be found by (lua(h'alures t)ul in

most eases sufficient ac('uvaey is ot)tained I)3'

considering only the first-order term. This dif-

ferential equation has four linearly iDdependenl.
solutions which can I)e used. Two of these s(>lu-

lions, ×t and x2, are discarded 1)ceause they are

too simple in form for curved velocity (listril)u-
tions. An examination of x4 or _4 shows that it,

increases without limit with y and thereby violates

the boundary condition /,hat disturbances must

(tie out as y approaches infinity. For this reason
it is not used in the problems treated in lhis

paper. The function _ is genera.lly used in the
form known as Tietjen's function (fig. 1).

The three remaining linearly independent solu-
tions are then combined in such a way that the

boundary conditions are sat|stied. The dis-
turbance velocities will vanish at, the wall and

edge of the boundary layer when

_=at_,+a2_2+a3_3

with the constants a,, a2, and a3 chosen so that

¢(0) = _'(0)-- ¢'(1) =0

curves denote the values ,)f a and 1} for neutral

stat)ility of the wave, a corot)|nation of a and II,
which lies on the side of the curve denoted as

unstable, warns that the amplitude (>f the dis-

lurl)anee will grow under those conditions. 1,
the stable region the WaVe is (lanq)e(l.

The aural)or of aI)proximations which are made

might cause one to doul)t the aceura('y of the end
results. Estinlates made l)y Lin in reference 15

tiM|care that the stab|lily curves should not t)e in

error by much more lhan a few l)ereenl and are
therefore accurate enough for most engineering

purl)oses.
The analysis of lhe l)rot)lems being eonsi(h, re(l

in this paper is presellte(l in the following sections.
Since the metho<l is well defined it, references

13, 14, and 15; only l lw essential 1)arts of the

analysis are l)resented.

COPLANAR MAGNETIC FIELI)

Differential equation. The differential equa-
tion for the function _, will now |)e derived for the

magnetie-fieht lines alined with the stream diree-
tion. The result is general enough t]m,t it can be

applied to the flow in channels and over tlat

plates. MaxweLl's equations for the incompres-

sible-flow problems t)eing ('onsi(lercd are

Div E ()

Div l:_0

, , (0
(_u,'l H 4rj

)

:+ _II
(hu'l E_ --_ Ot

where E, II, j, and _ are the electric fieht intensity,

magnetic intensity, electric current density, and

magnetic pernleability, respectively. Chin's law

for a moving fluid is

;, ) ) -_.i=_(/':_ ¢:×/ ) (2)

This is possible only for a certain combination
of a and R when the magnetic parameter mS,

velocity distribution [_, and wave speed c have

been specified. The end result from several such

computations is a graph of the wave number a

versus the Rebmolds mlmber R for various values

of the magnetic parameter mS. Since these

where B:glI and (ir is the local velocity vector.

The equation of continuity is

Div l['=0 (3)

The Navier-St,okes equation too<lifted to include
the electromotive force term (so-called Lorenlz
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force)arisingfrom the relativemotionbetween
tire fluid and magneticfield is

--2 _-) --)

+ ,' -grad)IT-- ° jXB)+ grMp:Wq ,_

(4)

where the excess charge density and applied
electric field are assumed to be zero.

The relation between the input wave mtmber,

a of the disturbance and the Reynolds number.

R, of the flow at which the amplitude of the dis-
turl)an('e neither increases nor decreases (neutral)

will be found by introdu<'ing the quantities.

u*=! 7+ u/(y*) d _''_'- _")

d ,I I("

B_ = B+b(g*)e '"'_ .... "'_ (5)

B_ B(y*)d "*_.... *'_

p. = 7_.+ l),e.(y*)e,_,'( .... ,t)

where c* -c/+ic/. When the disturbance is
classified as neut ral (neither amplified nor damped)

c* is zero. Since the problem will 11(, to find

only the neutral disturbance curves, the quantity
c* will hereafter be used to denote only the real

part G*, t }tat is, the wave speed of the disturbance.

The quantity _* is the wave number of the dis-
turl)anee.

It will be assumed that:

1. The Iota{ion of the instability is far enough
downstream of the entrance to the chauuel or

leading edge of the plate that the velocit, y normal

to the boundary is negligible in comparison with

the velocity I)aralM to the boundary.
2. The flui,l is of uniform (hmsity and eondue-

tivity, and the applied magnetic fiehl, B, is uni-
form throughout the flow field.

3. The boundaries _re perfect conductors in

order to complete the circuit for electric currents
in the fluid.

4. Terms wtfieh contain products or squares

of the disturbance quantities are negligit)le.
5. Tim disturbances are neutrally stable at

values of the Reynolds number high enough so
that a series in (1/aR) 1/3 converges rapidly.

Following the method used by Stuart in refer-
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ence 7, _quations (1) through (5) may be comt)ined

and simplified using the foregoing assumptions

to yiehl a complex ordinary differential equation
for the dimensionless aml)litu(le function ¢,.

(l ;--c) (_"--d_)--_U" +im_a_

1
=_a---l_ ('_''"--2°e'_'P" q-a4_°) (6)

where ,n=al_/p(_, R=SU_h,, and U denotes

the loc'd velocity divided by the velocity at the

edge of the boundary layer, l_'_. The symbols

a and c in equation (6) denote the dimensionless
form el" the wave mmfl)er c_* and wave sl)eed

c*, resl)eetively. The amplitude funetion _ is
a function of y=y*/5. The primes denote differ-

entiation with resl)ect to the distance y normal

1o the tmarest bounding sulfa('(,. Hereafter, only

the dirwnsionless unstarred quantities will 1),,

used in the analysis unh,ss it is noted otherwise.
'Vii(, I,oundary conditions are,

=_o'--O aty- 0

at center of channel, y 1

=: _' _ 0 -_ or

(.at y-- o_ for the flat plate.

Four linearly independent solutions to equation (6)
will no_' be found t) 3" the technique explained in

r(,ferenc(,s 13, 14, and 15. The first two solutions,

¢_ and ,_, will 1)e derived from n series expansion

in 1/R and are designated as the inviseid solutions.

The tw(, remaining solutions ¢3 and ¢4 result from

a series expansion in t=(I/aR) _/:_and are calh,d
tlt(' vise)us solutions.

Inviseid solutions.--If the terms involving 1/aR

in equa ion (6) are assumed small, the remaining

terms e:mstiiute the differential e(pmtion which

¢,_and s'2 must satisfy.

t l-Y--(,)(_H--a2¢)--_U"4-imSa_=O (7)

A solution to equation (7) is found by the

method of Heisenberg (see, e.g., ref. 16). It is
assumed that the solution is of the form

_= qo+ aq_ + c_2q:+ aSq_+ . . . (8)

When tquation (8) is inserted into equation (7)

and the terms COld aining the same power of a are
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equated, the following set of
ditl'erenlinl equations is t'mnM.

q,;'--l.._i ' % (I

linear ordim_ry

(gal

I " : m a
q'f--i'±c q_=--i" C q'' (!)hi

[ ,,t /'1;,_

q["--l"_( ; % =q"-e--i' c % 1,

7

The two lilwm'lv imh,l)emh,nl soluti,ms of equalion
(.%1 _m,

qo I ['- (' 11111)

'!/ dy%.= C["--+') ({ i')-' l()h)
• 0

/I ') 3,

(gni
The lwo inviscid solutions for the t'lHWllon

mn.y then be whiten ns

_- _/ , [,)2 .i)l yl (1' (')2lh,/2(h,/l

r'' r" ' r":' -1t _l f_ ([ . )., j, (l c) e " (l " c ='dlldq_dy d h '• ./o (/'--c)', o ' ..... ' ' "

( ' r"--(l'--c) inISee ,(, (['--U) ?, r, (1" c)dy,ed//l

"' r" r,- : ¢, ] }(! =' " ([" t' dl/4¢l lrdl/.,d /l } . -i . • . t .+c_elo (l '---_ ):.l,, (I ¢I' c)=' .....
• • I) • (7

, ' .,+_: I (I --c) - :hl.::_t,dlli l(l --c)- .l. (1' c)_.fo (1--el-' .....
l 4

[t'!/ l I'Yl ,'Y'2 l "-] }-- i,.&e (l "--c) ). Hq'dll"dql • " " -_ • " " 1 • ' "
(12

whct'C' on[',: lim,ar terms in hi6 Imvv l>,.,,.,nr(,l_dn,:,d.

Tlw integrals in equntions (11) and (121) may

t)e changed to a mot(, ('OllV(,lli(,lilb fOl'lll b v I[]lp

transformation emt)loyed t) 3 Lin in reference 15.

At the w_dl, y=0, and a( lh(' edge of the bo(mdar 3"

layer, y=l, lhe invisdd functions aml lheir
deriv_tives then 1)(,como

¢l((I):= c ]_', o) I"(o)

so2(()):0 j:.':(o)- i
C

| -- C "_

¢_(I)='I E'II --im&_(l--c)p, i • . •
-- " 2 I

I
, z f,-'IC,(l/,-cP',lL_q...1+ [s°"I I 1= l_c _- 1--ee'-'ll, 1 _CII., .

]m acd I(_ (p, _<z:'p:, t • . •) -- p_-- • . •I
.)

(]:b

!_4)

5142115 5D --2
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Wltpl'( _

,l(l. c)d!/ (155
])1==. 0

j,, j,,,P-' (l' c)=' (l" (' d l=d!/i 11511)
• 0 • 0

i[" c _J0 (l" C d!l:¢l l.fly j
(15c,)

j J j.,,'_ 1 ' " c)
"_(I (i 7_ e) ' d!l:¢/!ledy,q:_, o (l" c)ij0 ,j_

( 151l)

iII_ :, (, (l" c)=',ltl (151')

ll"--.t '1o(I l_c) _J]"(l'--c)edtl_dtl, (151'

i' i' ' J':(l'--c) _ (l.__c)_ ,) (l'--¢')-'d!l'fl!led.hJL = ,, , ,,,

(15g)

' J" ' j7'" j., l: : () (I "--c) _ "--c)=' .... (l'--i')- dq:¢l'l:dtt

(151,)

°t 1]_z := dg (1 5i )(l "-c) _

U= C

0 k.J 1.0

I"I(;URL 2.--Pat]t of integration for inl('Krals in inviscid
solution.

The path of integration, according to reference
14, lies along the real y axis with an indentation

along a semi(qrcular I)ath under the singular point,
Y=Yo (i.e., where U--c) as shown in tigure 2.

Viscous solutions.--The two remaining inde-
pendent solutions, the so-called viscous solutions-

_oa and ¢4, arc found by introducing the small

1)arameter _=(l/aR) _/a and the fun('lion X as

e t= y-- y0 l

¢(y)=x(0,(n) t _x,,(v)" -_x_:)(vt_ . . .

HII(|

/" Jl'--_=l ..... o . . .o(o7) q 2( (o#"-+

(l(i)

%V]I(q'( _

,¢ ,;xli _-+;xl;;'=0 (1 r,,)

I ..... i ....... _ 1 ..........
uX_ ) t 'X(, :t oX(o)-- _ oXu, _ _mbX_(.,, (17111

('t('.

The solutions to equation (175) are the only
ones in !his seri(,s which are found. As t)oint(,d ()ul

in the :ntroduction to the analysis two of these
four lin,'nvly independent solutions art, dis(:ar(le(l

on lhe _rounds thai they are trivial. It is als(,

found lint tim function X._otto4 i)wr(,as(,s with y
indetini ely and t,h(,rel)v violates (It(, l)oundary
('onditi(n that the disturl)anc(, velo('ities must

(lie Ollt tit tim edge of the l)oun(larv ]av(,r. Th(,

form of the solution ,'(,quir(,d is then

_,fiO)=----qd"(z) (18)
_.)(I) '

,7 :!/oil OOd_)) I/a

1"( =) ......

:ji-=.C'ZlI,3[_ ( i.(-):_/_ d.¢" 119)

and 1I.)( ) is a lhmkel functio,_ of lhe first kind

and of (,r(h,r 1/3. The funclion l"(z) is somelimes

referred 1o as the Ti(,tjen's function. The lll])ll-

lated w lues of referen('es 13 and 211are 1)lotted in

figure 3 The viscous solution is not modified l)y
the ])I'('eenc(, of the magneli(: tMd 1o the o]'d(,r of

accurac : of the analysis.

The i lviscid solutions, equations 113) and (14),
together with equation (181 make it 1)ossible to

lind th( change in the neutral disturl)ance curve,

('aused i)y a cophmar magnetic fi(,hl.

The sul,sm'il)t o in(li(mtes that th(, quantity is to
1)e evaluated at lit(, l)oint where U--c. ]f the

(,quatioas (l(1) are intvodu(.ed into equation 1611
and lhv t(,rms (.ontaining the same I)ower of _ are

equate(, th(, following set of ()r(linary dift'(,r(,ntial
(,(l(mti() is results.



STABILITY DIAGRAMS FOR. FLUIDS 1N A MAGNETIC FIELD

2 4 _ ,_,6 .8 1.0
&(z) \,_o

l "_ .B

, , Re, ,3 X_'k'

q _'ef 20 _ _
N

4

Fw, vm,: 3,--Tieljen's functions, F(z) = : Fr(z) @ iFi(z) wh(,r(,
z = yo( Uo'M0 i,':_

Channel flow (parabolic velocity profile). -Th(,
flow of a viscous fluid b(,tween I)aralM l)lam's

(Pois(,uille flow-fig. 4) gives rise (o a t)arat)oli('

--_ --5>-U

l:[(;um,: 4.--(_hannel flow with magnelic field alined with
l h(_ streamlin('s.

vcloci W protile if the station in question is not
near the entrance to the channel. The effect of a

coplanar magnetic field on the growth of a two-

dimensi(mal (lis(urbance has ah'ea(ty bt,(,n stu(tie(t

t)y Stuart in ref(,r(,nec 7. The differen(,e b(,twe('n

the analysis carried out here and in reference 7

lies in the larger number of terms retained here for

the inviseid solution ¢_ and in the form of (,quation

(22) which is used to find the ])roper c_-- II combina-

tion. The end results of tim t,wo amdys(,s sh(>uld,

how(:vcr, t)e ai)ouL (he same. Since the integrals

115) mus(_ be evaluated for a paraboli(_ veloci(y

profile in order to make application (o (he [tat-

i)late flow field, only a small amount of nd(liti<)nal

effort is required to find the neut,ral (tis(m'l)ance
curves for the channel.

The veloci(y distril)u(ion is wri(len as

U-- 2y-- f- (20)

The in(egrals (151 can l)e evaluat(,(l in closed form
for arl)itrary values of the wave Sl)e(,d c.

1
l)_ a"-_ (2 la)

I / 1 ] I _a'-'_l_3a2--1 in I _-a"_
P:_--dl,,a ''+n a_ 2a :_ - 1 ,1

+ _;
_2_ C]a'-'-- 2a :_- 1 ) 12111)

') "" 1 3a2_1 (_'2 __8(14__6(t2 _3 21102_,"_ ._.t-4s (:_':- 2a_- )+ is " ,, m a_-- _i_ - :i(i6-/

,)._ ,., r-211a2 1--157a/4_( 1 , .Srz_'\-I-'a'_3a:--16()a:' .

( . s:',. ]+ 6ca_ L is(i - 5 ' -.l+:_a+ Z)m 11-.)
1211')

., 1 (l@a'_V3(1 @a)2 (2a--1)In (1 311--a - (2a-_l)In (1--a)@3(a2-}-2)
,/,=77i-_ In t,_a: L 2a -ka,) + : 2a

-1-_1 {,2L_(l)_L2(.a--1)2a_ --L212a ) 1 (]n2a')2 [h' (l +a) '2 t- (h,2a)[ln(l--a)]}_a 2 2

+ i_r r4a s _ 8a :_ ,) _2a(2--5a2)_ ) / ,, IX, 1+a +:Tr )]_h _- In (l--a)--_-ln-a-l--- _:'_ "_-_ ta'--") Ill ( l=111. ,5 , *'{ (2{(/2--2(1a-- 1

whet(, a2=l--c, mid L.,( ) is the, dilogarithini('

integral. Numerical values for the relations 121)

for several values of the t)arameter c are l)rcsenie(l
in table I. The functions L_ axe tal)ulated in

rcf(,r(,nc(,s 21 and 22. Thc r(,maining integrals in

1211t)

the group (15) are written and (al)ulah,d in refer-
ene(, 15.

It remains now (o ('oral)in(, the invis('id and

viscous solutions so (hat the t)omldary eon(li(ions

al the wall and at lh(' ('(ig(' of the l)oundary lay(,r
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TABIA.: I. -('OEI:FI(HI.iNTS I,'()li INVISCII) S()]A-

TI()NS; I'AI{ABOLI(_ VEI,OCITY F'I{()FIIA,: (C()-

PI,ANAI¢ MA(_NI':TIC FII';LI))

i

c i)1 F: i P:: "1:;

0

• o5

1

15

2

25

3

35

l

15

(). (i(ili7

6167

5667

5167

-1667

.1167

:-_(hi7

;-H (_7

2667

2167

(). :.]i)77

-1101

-1224

4:{51

-1480

l(i15

1756

-1905

50(12

.)230

(). I)(.)28 i

0S583

0'7900

O7247

()(ili 17

0601()

I),:')12,[

O4855

04:'_()2

t)g7(i2

oo

0. 6765

6529

6675

7035

75_,7

_g55

940l

1.0S28

1. 2Slg

at(, satisfied. II is found that lhe wave numl)er of

a)t a)Hisymm(,tri(, (listuvl)ance and the R(,y)mhls
)mml)ev of th(, lh)w li(,hl must l)e ('h()s(,)l s()that

I"(:) _:d ()> c,;',( I )-- (22)

q,¢_ O) !l,,El,,(()},_(l)_}_i _;(1)]

B ilh all ()f ih(' indivi(lunl fun('tions ],:nov<n, an

il(,vati()n s('h(,nte is ('ml)h)ye(l (o find the ('()vv(,('(

wave nun|l)(,r and Reynt)hls numl)t,r ('omhi.a(ion.

A g'rnl)hi('al method wns used lo find lh(, inter-
section of the curves of (11(, fmw(it).s on (h(, lef(

and righl sides of (,(lualion (')'>) for s('v(,ral value:
of lh(' paramt,ter c, whereas n mmwrical iteralion
s('lmme wns used in reft,re)we 15.

Th(, nt,u(ra| (listurl)ance curves ft)r several

v_llu('s of (h(' mngneti(' ])aranl(,t(,r mt_ are shown itt

figure 5(a). Since the parameter rosa was he](l

('o)tsla)tl in 111(, mmlxsis of reference 7, a direct

.8 Stable Ref 5 <a)

i I I i i , I I i
0 20 40 60 80 lO0

RV3

(a) ('lutnm,1 lh)w; ]mrat)olic veh)cily l)rofih,.

Fl(;l:_n 5.- Ih'gions wh('r('in an infinil(,sinm.l sinusui(lal
(listurh.tnc(, is aml)lifi(,d or dantl)('d in (h(, l))'(,s(,nc(, of a
copl:mar ma_n(,lic fi(,Id.

16

121

a

\ Uo ,able

• I 6 Stable Ref 15

,24 (b)

4 8 12 16 20
Rx 10-3

(h Hat l)lal('; I{l:tsiHs houn(l:try-lay(,r l)r()lih'.

FI(II'ItE ,5. (!()uchl(h,(l.

COml)alisou wilh lit(, neulrtd slal)ility curves t)l'

thal ])nl)('r (,amtol I)(, made. Tht, critical l{t,yn()hls
numl)(,rs found l)v (hi, (w() nmdyst,s will l>t, ('Olll=

par(.d i)l the discussion.

Fiat=plate velocity profile, -Wh(,n an inct)m-

1)ressil)le vist't)us tlui(l tlows IreS( _l s(,mi-inlinit(,

lht( l)ht (' of z('rt) thicl<ness, (h(' v(,h)('ily prolih, ('mr

l)e l)re(It(,l(!d (heor('ti('ally 'rod is g(,n(,vally r(,ft,rrt,d

lo as lit(, Bhmius i)rt)lih, (tig. (i). Th(' n('ulval
stat)ili(:- curvt, in lh(, nommtgn(,li(, case has he(,n

comt)u(:_(l in vef('renc('s I3, 14, nnd 15. The

effect o1' Lit(, magn(,li(, field ()n lhest, vesulls will
now be found.

/

7
FmvnE (. Fh)w over a semi-infinite ll,_'t phil(, when llte

m._n(qic fi('hl is alined witlt lhe slr(,amlin(,s.

The i n(,grals (15a) I h,'ough (15d), (,vahm(e(t ])y
tim a])l;roxhp, ttt(, melho(l sugg(,sle([ in r(,fere)we

15, ace al)ula(e(I in lalth, 11 for sp(,citi(' values of

c. The '(,al anti imaginary ])arts of K_ tire COln-

])uh,d l)v the r(,latio)_s given in rcfe|'en('(, II as

I

t_-b:-- q ...... +0.1465 + 1.2457c-- 1 .(}45c _tu)

+ 2.039c :_-F4.078c 4+ 2.423c _+ . . .

,).,( 21
...](In()_--c+/_r ] (23)c +-

/\. !c
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l ','j' (24)
KI_=--_" _U,o)a

The expression which determines the proper

values of waw; mmdwr a and the Reynolds

number R for the fl_d-platc prol)lem is

' 1c[¢,(] )+._( )l

F(Z)=yo{U' (0)[_'2(1)+(_,(1)] ÷_ [_',(1)+_¢,(1)1 }

(25)

I I
IBI

f I

i ] i F I

(a}

I
I

I
I

i
[
I

Tile neutral stability curves for several values

of the magnetic parameter m_ are shown in

figure 5(b).

TABLE II.--COEFFICIENTSFORINVISCIDSOLU-

TIONS; BLASIUS PROFILE (COPLANAR MAG-

NETIC FIELD)

1_1 p2 P3 q'.t

0. 7133 0. 3817 0. 1272 co

• 6633 3941 1202 .5603

• 6133 4064 1134 5367

15 5633 4191 1068 5512

2 5133 432 l 10053 5872

25 4633 .1455 09546 fi424

3 4133 4597 08860 7192

35 363:_ 4745 08261 8238

4 313:_ i 4902 .07739 9665

45 2633 ] 5070 .07198 I. 1656

I
.......................

1 I i I I I
i I I Ik :Jl q

I,. 4-  --144444- +-
4.-t--1-i-, I

x

{hi

(a) Fixed relative plate.

(I)) Fixed relative fluid far from the plate.

l"mUnE 7. -Flow over a semi-infinite fiat pl.m: wilh n
transverse magnetic field.

result by applying the five assuinptions outlin(,d

in tile analysis of the coplanar fic](t. The differ-

ential equation for tim perturbation stream
function is l hen

TRANSVERSEMAGNETICFIELD

The change in the boundary-layer velocity

profile for flow over a flat plate in the t)resencc

of a transverse nmgnetic fieht was found in
reference ll. It was found thal tbc skin fi'ic-

1,ion and heat transfer are reduced if the mag-
netic field is fxed relative to the plate (fig. 7(a)
and increased if it is fixed relative to the fluid

outside of the boundaLv layer (fig. 7(b)). The

possibility exists, however, that the magm, lically

induced velocity profile may be more or less
stable to transition to turbulent flow• An esti-

m_t.e of the change in the stability of an infini-
tesimal sinusoidal disturbance induced by the

transverse magnetic field will now be foun(I.
The differential equation for the disturbance

stream function is found by the technique used

by Lock in reference 8 which is to combine

equations (1) through (5) and then simplify the

im6
(l r-c) (_o"-o&o) -U"q,= _o"

O_

l
+ i_ 1,' (_'"'- 2(_%" + _+) (26)

It is shown by Locl_ in reference 8 that the
forms of the inviscid and viscous solutions arc

not affected t,o the order of l.hc analysis I)5 the

additional magnetic term in equation (26). In

ol.her words, the (,hange in the velocity profile

caused by the transverse magnetic field dominates

the stabilizing action of the magnetic field. The

neutral stability curves for several values of the

magnetic paramet(,r mx are found t)y lhe m:,lhod
outlined in the appendix of r:,fl,rence 15. The

inviseid solutions are found by using the numeri-
cal data in tables I and II of reference 11 to

determine the velocity profih, s at rex: =0.05 and

0.10. Tile numerical results for the integrals
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C()EFFICIENTS FOR INVISCID SOLUTIONS; FI{AN_VERSE MAGNETIC FIEL]) FIXEI)

??LI" (!

0. 05 0. (_5

.15

2

25

3

35

4

45

. I (1 0

05

I

15

2

25

3

35

4

-15

0. 6022 11.2337
5372 2225

4772 2107

4221 1 (.183

3721 1854

3271 1718

2870 1576

2520 1428

222O 1274

196(.) 1112

5733 2223

5089 21 | I

.1495 1 (.I(.13

3951 1869

3456 1740

3012 1604

2618 1462

2274 1314

1980 I 160

1736 0998

RELATIVE

.1la

0. 07(.)()7 O.

06(.)16

0{i()52

05310

{)4(482

04162

03741

03409

0315 I

I)295t4

06!)75

0598t

05120

I)4378

0375(1

O3230

(1280(.)

{12477

02219

{)2O24

TO PI,A"E

,\_ Kl, Kl g :_ Yo

1700 -- m 0 1. 8273 -'0

. 1806 10.87 ():,It) 1.8284 .11274

192(.) --5.327 --0:'38 1.8302 0,547

2044 --3. 414 -- 0102 1.8312 0820

2158 - 2. 394 0397 1. 8303 1093

2266 -- I. 721 1159 I. 8263 1366

2385 -1. 209 21(.)9 1. 8172 1641

2466 --. 772(.) 3553 t. 8009 1917

2472 --. 29!15 520!) 1. 7844 2197

2389 .2253 7250 1. 7511:) 2477

1732 . m O I. 6473 0

1838 12. 28 -. 0!114 1. 6498 0303

1962 -6. 156 -. 1394 I. 655(+ 0606

2076 -4. 051 -. 1456 1. 6625 0907

2190 -2. 93!) -. 1132 I. 6686 1207

2298 -2. 228 - . {)447 I. 6724 1507

2417 - I. 717 .0580 I. 671:1 1806

24(.)8 I. 323 . 1!150 I. 6657 2105

2504 I. 01214 .3726 1. 6520 2408

2421 .783l .5(.)5(.) 1. 6310 2718

TABI,E IV. COEFFICIF, NTS I,'OR INVISCII) SOLUTIONS; TP_ANSVERSE MAGNETIC FIELD FIXEI)

RELATIVE T() FLUID

i

II, 11,. i Ma A'a K_ K,ma" e U,; Yo

O. 05

• 10

0

• 05

I

15

2

25

3

35

-1

-15
0'

O5

1

15

2

25

3

35

-1

45

0. 6458

5753

509(.)

44!)4

3940

3435

298l

257(4

2222

11.)17

(4585

5768

5202

-1586

401(.)

3503

3036

2621/

2253

1937

0. 2536

2424

2306

2182

2052

1917

1775

1627

1472

1310

2604

241.t2

2374

225{)

212l

1985

1843

1695

154l

1379

0. 09507

08516

07652

06(.) 10

06282

I15762

05341

• 05009

04751

0455(4

10067

09076

08212

(1747O

06842

06322

05901

05569

(15311

05116

0. 1704

1810

1934

2048

2162

2270

238(.)

2470

2476

2393

1725

1831

1954

2068

2183

229 l

2410

249 l

241.)7

2414

--- CO

-- 7. (.)37

-- 3. 61.)9

2. 248

1. 4584

--. 9174

--. 4(4(.)7

--. 0392

• .1347

1. I1287

-- CO

-- 6. 648

-- 2. 966

--l. 6(.)96

-- 1. 0201

--. 5522

--. 1525

• 2445

• 7030

1. 3022

d
i 0. 4537

,1621

4748

41.)3 i4

5319

5874

6(i42

76(.)2

9107

1. 0983

6430

6606

6869

7194

7611

8189

8(.)23

(.)911

I. 1244

1. 3015

2. 3245

2. 2862

2. 2481

2. 211)1

2. 1707

2. 1293

2. 0856

2. 0370

I. 9826

I. 9219

2. 6073

2. 5390

2. 4712

2. 4045

2. 3380

2. 2712

2. 2O2(.)

2. 1320

2. 0584

1. 9803

{)218

I)438

0662

0891

1124

1360

1603

1852

2108

011.)6

0395

06(10

0812

1028

1252

1483

1721

1968
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(15el through (15h) are tabuhited in tables ]lI
and IV.

Tile real part of the integral (15i) is evahlated

by expanding ill lr series about the critical point
Y=Yo where U=c. The result which was used

in the computations for tile transverse inagnetic
field is

0.4 l '<',' 0.4--q(,
sq =-,/,_o. _ :/Ditb_- ,, _hl •• . tie) i y0 I

+0.3 ..... ,ri-- 7,rs (0.04--0.2p)
(_(,) (10)

5 (l_ro') 4/0.064 0 10_ " . . .
q-l(; (],';)g t 3 -- ' >Y0-{l).4y,)2)I

I ( I 1 In l--2xi--c_+ ILl-F4(1 (>)_0.75-c--_1 c 1 i2_1 el/ (1 -c) _

(27)

Tht_ inlaginary part /x'l_ is evMul_led I)y us(, of

e(iuli.t.ion (24). The v(,lociiv I r in Ill(; integrals

(15e) throllglt (lDh), (24), it.lit[ (27) is referi'ed 10

the velocity at the edge of tit(, boundary layer at,
the particular station tieing considered. _,Vhen

the magnetic field is fixed relative i,o the plale

the undisturbed stream velocity and the vehieity

lit the edge of the boundary layer are not the same.
The neutral disturt)ance mlrves are shown ili

figures 8(t_) and 8(1)).

8

Unsiuble

r;ef I[. -

?o0 :- R i 7- c,

tVx !O

(a) Magnetic field fixed relat, iw, to plat(!.

FIGURE 8.---Regions wlmr(.iil an infinilesimal disturl)anco

is amplified or damped for flow over a senii-infinih! flat
phth, in lhe presence of a transverse magnetic field.

I¢l_;urt_; 8, -(hnichlded.

DISCUSSION

The neulral stal)ility (,urves shown in figures 5

it.lid g indi('lde 1,hal, the pi'eseiloe of a liliiglleli("

fiehl lUii.v stabilize or (h,stat)ilize lhe flow of all

hi(,(muiressil)h, , ele('trieally conducting fluid. It
is seeli train thesl, i'esults thai l tie flow over it

fln.t ])lale is stal)ilized })y eiliu,r li (!(tplanar inag-
iieli(_ fiehl of I)3" il. tril.nsvel'se inliglieli(_ fiehl fixM

relative Io the fluid, liut a l.ralisverse nlagiiel,ic

fiehl fixed relative Io the plale is generally desta-

I)ilizing. The portion near the top of the solid

t_qX--().l (llu've ill figure _;(t/,) indicates all opposite

trend for il. sniall rallge in wave nuniber. As

pointed out in tim inl.rodueli(m, anal.her exaniple

of flow instal)ility calised I)y a Illllgiielic fiehl is

[)l'eSl'lll.('d 1)y I_ehnert ill referlinee 10. Also

shown in figure _q(li.) is tile stal)iliiy t)Olliidai'}" for

#ll.x-O.l fOUlld [)3" Li, Mielwlson, nnd Rabinowicz

(ref. t2). They used the Sllllle nlethod of analysis

t]lat was used in this paper, but t]le resulls differ

t)eeausv in reference 12 the velocity profile shapes
were found tlV using only the first-order term _ in
mx ra.ther than the first- and second-order ternis

that were used hi tile present analysis. The

difl'eren('e |)etween the dltshed (filet. order in rex)

anti the solid (second or(hT in rex) eurves in

figure 8(a) for rex=0.1 is caused by this difference

in the velocity profile shal)es. The result pre-
sented in reference 12 for m.a =0.2 is not shown in

figure 8(a) because the velocity profile as deter-

I Tile IlllFonri(0.1 vahlns far tile second-order velocity term were llot pub-

lished at the time that the work of reference 12 was being carried out.
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lllitlet[ to a [il'st order" ill mX is not, acctlI'ate ellollgh

to yield reliable resulls in a stability analysis.

A given flow field will l)rol)al)lv contain dis-

turl)anoes covering a wide range of wave tnmlbt.r

due to imperfections in the walls and entrance to
the flow fiehl. A conservative value for the

critical Reynolds number is then tit(, lowest, value
at which it is first possible for any of the waves to

b_ amplified. The critical Reynolds nu|nt_ers for

the flow prol)lems consi(le|'ed in references 7 and

8 and for tile Col)lanar magnt_t, ic-fieh[ cases

studied in this paper are shown in figure 9 as a
function of the magnetic t)arameter m& The

results for l}te l rallsverse magnetic fiehl ol)tained

in reference 12 and in this pal)er are also shown in

figure 9 as a function of rex. It is seen lhat the
results of Stuart in reference 7 are in essential

agreement with tile present analysis. The (lifter-
et|ce between lilt, results is at tril)ut.al)le to tilt,

smaller numl)er of terms retained in the analysis
of reference 7 for lit(, invisei(I solution. As

mentioned previously, t.he difference between the
first- and second-order curves shown for the mag-

netic field fixed relative to a flat plate is caused

I)y the different number of terms in the series
used to eomt)ute the velocity 1)rofiles. As is to

be expected, the two curves nlerge at low values

of m,z I mx<0.05) because tim second-order term

(m2x2u2 I)ecomes negligible there. The results

for a la ninar mixing region obtained by N. Cuvle

in reference 9 are not, shown itt fiat|re 9 |)ecaus_;
the Re"nolds numbers are too small for the scale

of the +:raph.
It is ,luite evident from figure 9 that a magnetic

field is more elt'ective when al)plied to ehamlel

flow than to flat-plate flow. In particular, t,lle

transverse magnetic iieht is so elt'ectiw' in stai)i-

lizing tile flow in a channel that tile ('urve is a

vertical line to the scale of the graph.

\Vhe,t the magnetic field is eol)lanar, the large

dill'eren:'_e in the shal)e of the crilieal Reynolds
numl)et cur_es for the cha|mel and flat-plate flow

lields is attril)utat)h' to the i|dinile exlent, of lit(,

IIow fiehl al)o'¢e the flat plate. As is shown by

IAn in reference 13, the asyml)totic form of the

(listu|'l)ance stream function as the distance y*

approaches and exceeds the t)oundary-layer thick-
hess,& introdu<'es additional tet'ms in the equa-

lion thlern|init|g the neutt'al stability cttrves.
This is ot)vious when e(tuations (22) and (25) are

conll)ar,,(I. These ad(litiotml terms de-emphasize

lhe ter|ns involving the magtietie l)arameter and

result i _ a much smalh, r siat)ilizing effe<'t for the

flat phve ltlan for the channel flow.

The magnetic parameter and the Reynolds

||uml)et for the flow over a flat plate at, which an

infinite,'imal disturbance will grow (fgs. 5(b) anti

S) are based on the I)<)un(lar_--layer thickt_ess 6
tal,:en '_ as 6/ %/[ r_/l_d'*, _,vhel'e [ ,r/t_:,r _0.99(). Tile

distane ; along the I)lale. from the leading edge is
lhe|_ rotated to the t)oun(lary-layer t,hiel<ness by

tilt, :reh_ lionship
G.I+*

(5=

where, ll_. U_x*/v. Therefore,

(_I?_3'*
m6-- -

lg_.

alld

It w _s found in reference 11 t,hat, a magnetic

field t),q'pcndicular to a fiat plate changes the

velocit,:" profile in the boundary layer. Even a

5 Stt_.n(10. [l texts ott I>otmdo.ry-l_!.y_'r th.oory ustl_dly d_fine the thickln._'s

as 5=5/'q ['+/rx*, where _/U+ _0.99. As explained in referertce 15, mor_'
_C(!llr_l(!y i." _tehievt!,_I by d(.fi_ling :_. thick_.r ht)land:_.ry layer to evahv.xt_ th¢_

inx iscid it_ egrals.
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small magnetic fiehl fixed relative to the plate will
cause all inflection point 6 in the velocity profile

near the surfac.e. As is shown in figures 8(a) and

9, this causes tim flow to be less stable with a

inagnetic field than in the nonmagm_tic fiehl case.

The results in figures 8(b) and 9 indicate that a

magnetic field fixed relatiw_ to the fluid far fi'om

the plate changes the velocity profile to a shal)e
which is more stable. The results of reference 11

indicate that the skin friction and heat transfer

are reduced in the former and increased in the

latter ease. ('are must then be exercised if one

attempts t,o reduce either the skin friction or heat

transfer by imposing a magnetic fieh| across (per-

l)endicular to) the flow fiehl and not iu relat, ive

motion with the I)late, because the lami,ar /low

is destab]ized by this leclmique. Likewise, the
increase in the skin friction and heat lransfer

l)rmlght at)out, by a transverse magnetic tMd

sweeping past t.he l)late al lit(, velocity of tl'e free
stream would eventually experience a moderate

compensating effect in the form of increased sta-

bility of the laminar stream.

The results of t]ds paper, in conjunction with

that of reference 11, point out the fact that it is
not certain whether the skin fi'iction and heat

transfer are lowered or raised by using a trans-

verse magnetic fieht to alter the flow over a flat,
plate. The lnaglmlic, fiehl alters the velocity pro-

tile and changes the rate of growth of small dis-
turbances so that the two effects tend to conl-

pensate each ot,her. Individual situations must

then be considered separately to determine whether

a.ll advanlage ca.ll |)e achieved.

CON(?LUSIONS

The analysis carried out in this report for lhe

th>w over a flat l)late indicates the elrect of a mag-

netic field on the stat)itity of a (listm'lmnce of lhe

Tollmien-Schlic]tting type. In particula.r it, is

found thab:

1. Thc flOW is stabilize(l by a eoplanar magneth'

fichl. The increase in the critical Rey,mhls nun>

bet is small <'Oml)ared wi_h the increase achieved

in a channel with a COl)bmar or transverse mag-
netic field.

2. A transverse magneti(_ field fixed relative to

1.he fiat plate changes lhe vel<>cily 1)rofile lo an

6 It is noted itl fiffllre Still that the maxilnllm value of file wave number
illSt fiR!teases 'Alld theli decreases with illcreasillg _nX. This iS C_l, llSlq| ])y
the rapid change ill the curwtture of the velocity profile _ith nl_:.

inherently mlstable shat)e which lowers the critical

Reynolds nmnber.
3. A transverse magnetic field fixed relative to

the fluid far from the plate changes the veh)cit.y

profile in the boundary layer to a shal)e which is
more stal)le and theret)y raises the critical Rey-
nolds mmd)er.
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